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Abstract 

It is studied the lower semicontinuity of functionals of the type / fix, u, v, \7u)dx 

Jn 

with respect to the (W 1 ' 1 x L p )-weak * topology. Moreover in absence 



of lower semicontinuity, it is also provided an integral representation in 
W 1 ' 1 x LP for the lower semicontinuous envelope. 
Keywords: Lower semicontinuity, convexity-quasiconvexity. 
MSC2010 classification: 49J45, 74F99. 



1 Introduction 

In this paper wc consider energies depending on two vector fields with different 
behaviours: u G W hl (n;W l ), v G L p {fl;R m ), n being a bounded open set of 
R N . Let 1 < p < +oo, for every (u,v) G W 1 ' 1 (Q;R n ) x LP(n-,R m ) define the 
functional 



J(u, v) := / f(x,u(x),v(x),Vu(x))dx (1) 



n 



where / : fl x R n x R m x R nxW — > [0, +oo) is a continuous function with linear 
growth in the last variable and p-growth in the third variable (cf. (Hl p ) and 
(-ffloo) below). 

The energies {T]) , which generalize those considered by [M] , [15] and [9] , have 
been introduced to deal with equilibria for systems depending on elastic strain 
and chemical composition. In this context a multiphase alloy is represented by 
the set Q, the deformation gradient is given by Vu, and v (when m = 1) denotes 
the chemical composition of the system. We also recall that our result may find 
applications also in the framework of Elasticity, when dealing with Cosserat's 
theory, see [TH]. In [2], the density / = f(v,Vu) is a convex- quasiconvex 
function, while in our model we also take into account heterogeneities and the 
deformation, without imposing any convexity restriction. 
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We are interested in studying the lower semicontinuity and relaxation of 
(Q} with respect to the L 1 -strong xL p -weak convergence. Clearly, bounded 
sequences {u n } C W 1 ' 1 ^; R") may converge in L 1 , up to a subsequence, to a 
BV function. In this paper we restrict our analysis to limits u which are in 
W 1 ' 1 (fl;M n ). Thus, our results can be considered as a step towards the study 
of relaxation in BV(Q,;R n ) x LP(ft;R m ) of functionals (TTJ). 

We will consider separately the cases 1 < p < oo and p = oo. To this end 
we introduce for 1 < p < +oo the functional 

J p (u,v) := inf {liminf J(u n ,v n ) : u n G W 1 ' 1 ^]^), v n G L p (f2;R m ), 

u n — > u in L x ,v n — u in L p } , 

for any pair (w, u) G W 1 ' 1 ^; R") x L*>(f2; R m ), and for p = 00 the functional 

Joo(u,v) := inf {liminf J(u„,«„) : ti„ef 1 ' 1 (fi;i n ), w„ G L°°(r2; R m ), 

u„ — ► it in L 1 , v n — u in , 

(3) 

for any pair G W^'^fyR") x L°°(f2; R OT ). 

For any p G (1, +00] we will achieve the following integral representation (see 
Theorems and 0: 



J p (u,v) = / CQf(x,u(x),v(x),Vu(x))dx, 
Jn 

where CQf represents the convex-quasiconvexiheation of / dchncd in ©. 

2 Notations and General Facts 

In this section we introduce the sets of assumptions we will make to obtain our 
results. We prove some properties related to convex-quasiconvcx functions and 
we recall several facts that will be useful through the paper. 

2.1 Assumptions 

Let 1 < p < +00, to obtain a characterization of the relaxed functional J p in 
((2]), we will make several hypotheses on the continuous function / : fl x R" x 
[0, +00). They are inspired by the set of assumptions in |17j for 



x 



ixN 



the case with no dependence on v. 

(Hip) There exists a constant C such that 

i(K + - c < f(x,u,v,o < c(i + \v\p + lei), 

for every (x, u, £) G x R" x R m x M. nxN 
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(H2 P ) For every compact set K of ft x R™ there exists a continuous function 
u>k : K — >• [0, +00) with wr-(O) = such that 

l/fou.w.O - /(x»,OI < WA-(|a; - x'\ + \u- u'\)(l + \vf + 

for every 0,u,v,£) and (x',u',v,£) in if x R m x R" xAr . 

Moreover, given xo £ £1, and £ > there exists 5 > such that if \x — xq\ < S 
then 

V (u, v, e)6l B x R m x R" xjv /(*, u, v, - f(x ,u, v, £) > -e(l + M P + 

In order to characterize the functional defined in ([3]) we will replace 
assumptions (Hl p ) and (H2 p ) by the following ones. 

(HIqo) Given M > 0, there exist Cm > and a bounded continuous function 
G M - fix R n -> [0, +00) such that, if |w| < M then 

V(x,u,0 eflxR n xR nxN J-G M (x,u)\Z\-C M <f{x,u,v,0 <C M G M (x,u)(l+\Z\). 

(IKoo) For every M > 0, and for every compact set K of Q, x R ra there exists a 
continuous function u>m,K '■ K — > [0, +00) with wa^jf (0) = such that if |u| < ill 
then 

- /(x ,u ,w,OI < vm,k(\x ~ x \ + \u- Uo\)(l + |£|) 
for every (x,u,£), (x ,u ,(,) G K x R" xAr . 

Moreover, given M > 0, xq G fi, and e > there exists <5 > such that if 
\v\ < M and \x — xq\ < 8 then 

V (u,0 G K" x R" xW /(x,u,«,0 - f(x ,u,v,0 > -eG M (x,u)(l + 

where the function Gm is as in (i/loo). 

2.2 Convex-Quasiconvex Functions 

We start recalling the notion of convex-quasiconvex function, presented in [14j 
(see also [HI Definition 4.1], [TS] and [13] )■ This notion plays, in the context of 
lower scmicontinuity problems where the density depends on two fields v, V«, 
the same role of the well known notion of quasiconvcxity introduced by Morrey 
for the lower scmicontinuity of functionals where the dependence is just on Vit. 

Definition 1. A Borel measurable function h : R m x R nxN — > R is said to be 
convex-quasiconvex if there exists a bounded open set D of M. N such that 

h{v, Z)<JL j h(v + v(x), £ + Vip(x)) dx, (4) 
for every (v,£) G R m x R nxN , for every 77 G L°°(L»;R m ), with / r)(x) dx = 0, 

JD 

and for every ip G Wq'°°(D; R"). 
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Remark 2. (i) It can be easily seen that, if h is convex-quasiconvex, then, 
condition Q is true for any bounded open set D C M. N . 

(ii) We recall that a convex-quasiconvex function is separately convex. 

(iii) Through this paper we will work with functions / defined in ft x R™ x R m x 
M. nxN and when saying that / is convex-quasiconvex we mean the previous 
definition with respect to the last two variables of /. 

The following result adapts to the context of W 1,1 x L p , i.e. growth condi- 
tions expressed by (Hl p ), a well known result due to Marcellini (see Proposition 
2.32 in [10] or Lemma 5.42 in |3j). Indeed the following proposition follows as 
a particular case of [U Proposition 2.11] . 

Proposition 3. Let f : ft x R™ x R m x R nxN — >• R be a separately convex 
function in each entry of the variables (i>,£), verifying the growth condition 

\f(x,u,v,£)\ <c(l + |£| + M P ), V (x,u,£,v) efixT xR nxN xl m 
for some p > 1 . 

Then, denoting by p' , the conjugate exponent of p, there exists a constant 7 > 
such that 

1/ (x, u, v, - f (x, u, v' t eoi < 7 ie - a+7 (1 + \v\ p ~ 1 + \v'\ p ~ 1 + le'i w ) |«-«'| 

/or every € R" xW , e R m and (x,u) eOxt". 

A similar result holds in the case W 1 ' 1 xL°° (i.e. growth conditions expressed 
by (Hloo)). 

Proposition 4. Le£ / : flxl" xR m xR™ x w — > R fee a separately convex function 
in each entry of the variables verifying assumption (Hloo). Then, given 

M > i/iere exists a constant f3(M, n, m, TV) smc/i £/iai 

\f(x,u,v,0 ~ f(x,u,v',Z')\ < 13(1 + |e| + \e\)\v - v'\ +j8|f (5) 

/or even/ u, 1/ G R™, smc/i i/iai u < A/ and i/ < M ; /or every £ W nxN 
and for every (x, u) £ ft X R n . 

We introduce the notion of convex-quasiconvexification with respect to the 
last variables for a function f : ft x M" x R m xl" xlv -) [0, +00). This notion 
is crucial in order to deal with the subsequent relaxation processes. 

If h : R m x R" xAr — > R is any given Borel measurable function bounded 
from below, it can be defined the convex-quasiconvex envelope of h, that is the 
largest convex-quasiconvex function below h: 

CQh(v,£) := sup{g(v,£) : g < h, g convex-quasiconvex}. (6) 

Moreover, by Theorem 4.16 in [19] 

CQh(v, = inf I p J h(v + ri(x),Z + V^(x)) dx : 

r) £ L°°{D;R m ), f n(x)dx = 0,<p£ Wq'°°(D\ R"), 

JD 

(7) 
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Consequently given a Caratheodory function / :Hxl"x R m x R nxJV — > K, 
by CQf(x, u, v, £) we denote the convex-quasiconvexification of f(x, u, v, £) with 
respect to the last two variables. 

As for convex-quasiconvexity, condition ([7]) can be stated for any bounded 
open set D C M. N and it can be also showed that if / satisfies a growth condition 
of the type (Hl p ) then in ^ and the spaces L°° and W '°° can be replaced 
by LP and W ' , respectively. 

The following results will be exploited in the sequel. We omit the proofs 
since they are very similar to [211 Proposition 2.2], in turn inspired by |10j . 

Proposition 5. Let fi C R N be a bounded open set and f : fi x E" x R m x R nx N 

— > [0, +oo) be a continuous function satisfying (Hl p ) and (H2 p ). Let CQf be 
the convex-quasiconvexification of f in ([?])• Then CQf satisfies (Hl p ), (H2 p ) 
and it is a continuous function. 

Analogously it holds 

Proposition 6. Let f2 C be a bounded open set, let a : [0, +oo) — > [0, +oo) 
be a convex and increasing function, such that a (0) = and let f : Qx R™ x R m x 
R" xAr — > [0,+oo) be a continuous function satisfying the following conditions. 
For a.e. (x,u) efixt" and for every (v,£) G R m x R" xjv it results 

^(a(M) + Kl) - C < f{x,u,v,Q < C(l + a(\v\) + (8) 

For every compact set K C fi X R™ there exists a continuous function tu' K : R — > 
[0, +oo) such that u)' K (0) = and 

\f(x, u, v, - f(x\ u', v,0\ < "k(\x - A + \u - u'\)(l + a(\v\) + (9) 

V(s, u), (x', u') eX,V (v, e R m x R" xjv . 

For every xq G fi and e > 0, there exists 5 > swc/i i/ia£ 

|as — sc | < <5 f(x,u,v,Z)-f(x ,u,v,Z)>-e(l + a{\v\) + \Z\), (10) 

V (u,0 S R" x R m x R" xjv . 

Let CQ/ oe £/ie convex- quasiconvexification of f (see (J7])J. Then CQf sat- 
isfies analogous conditions to ©, © and (fTU)) . Moreover CQf is a continuous 
function. 

Remark 7. M^e observe that, if from one hand ((8|), (|9]), (fT0|) generalize (Hl p ) 
and (H2 P ), from the other hand they can be regarded also as a stronger version 
of(Hloo) and {m^). 

In order to provide an integral representation for J p in ([2]) and Joo in ([3]) on 
W 1 ' 1 x L p and VT 1 ' 1 x i°° respectively, we prove some preliminary results. 
For every p G (1, +oo] we introduce the following functionals JcQf '■ ^(Vt; R") x 
LP(fL; R m ) -> R U {+00} defined as 

/ CQf{x, u(x), v(x),Vu(x)) dx if (u, w) G W 1 ' 1 x IP>, 
J CQf{u,v) := < Jo 

+00 otherwise, 
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and its relaxed one 

J^(u,v) :=inf {liminf J C Qf{u n ,v n ) : (u n ,v n ) G W 1 ' 1 (fi;R n ) x L p (il; R m ), 

u n — > u in L 1 , v n v in i p |. 

Lemma 8. Lei / : f]xK™xR m xR n)<,v — » [0, +00) be a continuous function. Let 
p G (l,+oo] and consider the Junctionals J and JcQf a- n d their corresponding 
relaxed Junctionals J p and JcQf- If f satisfies conditions (Hl p ) — (H2 p ) (if 
p G (1, +oo)), and both f and CQf satisfy (iJloo) — (i/2oo) (if P = +oo), then 



J p {u,v) = J C Qf(u,v) 
for every (u,v) G W(0,M") x LP(fl;R m ). 

Remark 9. We emphasize that in the above lemma, by virtue of Proposition^ 
if p G (1, +oo ) it is enough to assume growth and continuity hypotheses just on 
f (and not on CQf). If p = +oo, by virtue of Proposition^ we can also only 
make assumptions of f, replacing conditions (iJloo) and (H2 IX1 ) by ([8j — (|10[) . 

Proof. The argument is close to the proof of |21l Lemma 3.1]. First we observe 
that, since CQf < f, it results JcQf < Jp- Next we prove the opposite in- 
equality in the nontrivial case that JcQf{u,v) < +oo. For fixed 5 > 0, we can 
consider (u n ,v n ) G W 1 ' 1 ^; W l )xL p (ft; R" 1 ) with u n -> u strongly in L x (0; R"), 
v n A v in LP(n;M. m ) and such that 



J C Qf{u, v) > lim / CQf(x, u n (x), v n {x), Vu„(x)) - 5. 



n 



Applying the results in [5] and [pj, for each n there exists a sequence {(it rai fc, v n ,fc} 
converging to (u n ,v n ) weakly in W^-^R") x LP{ft;R m ) such that 



CQf(x,u n (x),v n (x), Vu n (x))dx = lim / /(x, u n ,k(x), v n ,k{x), Vu n ,fc(x)) dx. 
Consequently 



J C Qf (it, v)> lim lim / f(x,u„ t k(x), w ra ,fc(x), Vii„,fc(x)) dx - 6, (11) 
" fc Jn 

lim lim \\u n _ k - u\\ L i = 0. 

n k 

and 

v n .k v in L p as k — > +oo and n — > +oo. 
Via a diagonal argument (remind that weak LP and weak *L°°- topologies are 
metrizable on bounded sets), there exists a sequence {(««,, fc„, Vn,k n )} satisfying 
u n.k n — ^ u in L 1 (f2;R n ), i> n ,fc„ — ^ w in L p (f2;R m ) and realizing the double limit 
in the right hand side of (HI]). Thus, it results 



J C Qf{u,v) > lim / f(x,u„ t k„(x),v ntkn (x),'Vu n u(x))dx - 5 > J p (u,v) - S. 
71 Jn 

Letting 5 go to the conclusion follows. □ 



G 



2.3 Some Results on Measure Theory 

Let be a generic open subset of M. N , we denote by A4(fl) the space of all signed 
Radon measures in f2 with bounded total variation. By the Riesz Representation 
Theorem, A4(£l) can be identified to the dual of the separable space Cq(Q) of 
continuous functions on f2 vanishing on the boundary <9f2. The iV-dimensional 
Lebesgue measure in is designated as C N while H^ -1 denotes the (N — 1)- 
dimcnsional Hausdorff measure. If p G A4(Q) and A G M(Vt) is a nonnegativc 
Radon measure, we denote by the Radon-Nikodym derivative of p with 
respect to A. By a generalization of the Besicovich Differentiation Theorem (see 
[3J Proposition 2.2]), it can be proved that there exists a Borel set E C fl such 
that X(E) = and 

dp p(x + pC)) 
— (x) = hm — — — 

d\ y ' P-S-0+ X(x + pC)) 

for all x G Supp p\E and any open convex set C containing the origin. (Recall 
that the set E is independent of C.) 

We also recall the following generalization of Lebesgue-Besicovitch Differen- 
tiation Theorem, as stated in [TH1 Theorem 2.8]. 

Theorem 10. If p is a nonnegative Radon measure and if f 6 Lj oc (R d ; p) then 

lin \ ( T7rS I ^ ~ f^\My) = 0, 
£ ^o+ p(x + eC) J x+sC 

for p-a.e. x G R d and for every bounded, convex, open set C containing the 
origin. 

In particular, if v S L°°(n;W n ), then, for Z^-a.e. x G il 



lim 77777^/ \v(y) -v(x)\dy = 0. (12) 

lB e (x) 



>o \B e (x)\ 



In the sequel we exploit the Calderon-Zygmund theorem for u G BV, cf. [3, 
Theorem 3.83, page 176] 

lim 1 / \u(y)-u(x)-Vu(x)(y-x)\dy = C N — a.e.xEfl. (13) 



>o £ \B e {x)\ 



B e (x) 



3 Lower semicontinuity in W ' x L p 

This section is devoted to provide a lower bound for the integral representation 
of J p in ((2|) under assumptions (Hl p ) and (H2 p ), as stated in Theorem [14J 
Clearly this is equivalent to prove the lower semicontinuity with respect to 

the L 1 -strong x L p -weak topology of / CQf{x,u{x),v{x),Vu(x))dx, when 

Jn 

(u,v) G W 1 ' 1 x LP. 

Indeed we prove the following result 
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Theorem 11. Let CI be a bounded open set of R N , and let f : fi x R n x 

R m x R" xAr — > [0,+oo) be a continuous function. Assuming that f satis- 
fies hypotheses (Hl p ) and (H2 p ), and it is convex-quasiconvex, it results that 

/ f(x, u(x), v(x), Vu(x)) dx is lower semicontinuous in W rl,1 (f2; R") xL p (fi; R m ), 
Jn 

with respect to the (L 1 -strong x L p -weak)- convergence. 

Proof. The proof is mostly a combination of the theorems in |18j and [14j , which 
used already some ideas from [17]. For convenience of the reader we present 
here some details, however we may refer to some separate results in the papers 
mentioned above. 
Let 

G(u, v) = i f(x,u(x),v(x),\7u(x))dx. 
Jn 

It's enough to prove that for every (u,v) G iy M (ft;R")xLP(ft;R m ), G(u,v) < 
liminf J(u n , v n ) for any u n — > u in L 1 with u n € W ' (CI; R") and v n — 1 v in 
LP. 

Using the same arguments as in [1] Proof of Theorem II. 4] (see also [T71 
Proposition 2.4]) and the density of smooth functions in L p , we can reduce to 
the case where u n E C£°(R N ;R n ) and v n € C5 (R w ; R m ) . 

Moreover, we can also suppose 

liminf J (u n , V n ) = lim J(u n ,v n ) < +00. 

n— ^00 n— »oc 

Then J(u n , v n ) is bounded and so, up to a subsequence, fi n := f(x, u n , v n , Vu n )dx 
\x in the sense of measures for some positive measure /j. 

By the Radon- Nikodym theorem, \i = g£ N + /j, s for some g £ L 1 (fi), with /i s 
singular with respect to C N . It will be enough to prove the following inequality: 

g(x) > f(x, u(x), v(x), Vu(x)), C N - a.e. x E 0. (14) 

Indeed, once proved HH), since /x n — v \x, by the lower semicontinuity of /i, 
and since /i s is nonnegative 



lim J(u n ,v n ) = lim / f(x,u n (x),v n (x),Vu n (x))dx 

n— ^+00 n— ^+00 Jq 

> / dfx(x) = / g(x)dx+ / d[x s (x) 
Jn Jn Jn 

> / f(x,u(x),v(x),Vu(x))dx. 



In order to prove (fT4"|) , we follow the proofs of Theorem 2.1 in [T7] and 
condition (2.3) in [Tl]. We start freezing the terms x and u. This will be 
achieved through Steps 1 to 5. 



By the Besicovitch derivation theorem 



fx(B £ (x)) 
l(x) = lim G 



£ w - a.e. x G ft. 



(15) 



Let xo be any element of ft satisfying (TTSj) , ([IB"]) and p^|) (notice that such 
an can be taken in ft up to a set of Lebesgue-measure zero) and let's prove 
that g(xo) > /(xo,it(a;o),i'(xo), Vu(xo)). First remark that, as noticed before, 
since v n v in L p , we have ||i<n||i>, IMIlp < C. 

Step 1. Localization. This part can be reproduced in the same way as in [TT] : 
pages 1085-1086. We present some details for the reader's convenienece. We 
start providing a first estimate for g. Observe that we can choose a sequence 
e — > + such that (j,(dB £ (xo)) = 0. Let B := £?i(0). Applying Proposition 
1.203 in) in [16], 



lim 

e->o e 



1 fi(B E (x )) 



N 



\B\ 



lim sup lim — rr- — - 

e _> n-H-°o e w \B\ 



lim sup lim - — - 

e^O n-V+oo LB 



f(y, u n (y), v n (y),Vu n (y)) dy 



B e {x ) 



f(xo + ex, u n (xo + ex), v n (xo + ex), V«„(io + ex)) dx 
> lim sup lim — / f(x + ex, u(x ) + ew n£ (x), v n (x + ex), Vw n£ (x)) dx 

e^Q n^+oo \B\ J B 



where w nt£ (x) 



u n (x + ex) - u(xq) 



Step 2. Blow-up. Next we will "identify the limits" of w n , £ and v n (xo + e-) 
in a sense to be made precise below. Define wo : B — > M. n such that wq(x) — 
Vu(xo)x. Then 



lim lim ||ui ne — ^o||l 1 (B) = bin lim 



u n (x + ex) - u(x ) 



Vu(xq)x 



dx 



lim 



1 



o e N+1 



Bs(xo) 



i(y) - u(x ) - Vu(x )(y - x )\ dy = 



where we have used ([TBI in the last identity. 

Let q be the Holder's conjugate exponent of p. Since L q is separable, consider 
{ipi} a countable dense set of functions in L q (B). Then 



lim lim 

e— ¥0 n— > + oo 



(v n (x Q + ex) - v(x ))tpi(x)dx 



B 



= lim 




£->0 





(v(xq + ex) ~ v(xo))ipi(x)dx 



where we have used in the last identity the fact that xq is a Lebesgue point for 
v. 

Step 3. Diagonalization. Arguing as in [18] and [14] we can use a diagonal- 
ization argument to find e n G K+, w n G W^°°(R N ;R n ) and v n G LP(B;R m ) n 
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Cg°(R N ;R m ), such that e„ -> 0, w„ -> w in L^jBjR"), u„ u(x ) in 
LP{B;R m ) as n ->■ +00 and 



n— > + oo 



ff(»o) > _ lim rg7 / /(a?o + e„x, u(a; ) + e„iy„(a;), Viy„(a;)) da;. 



Step 4. Truncation. We show that the sequences {w n } and {v n } constructed 
in the preceding steps can be replaced by sequences {w n } C W^^° (R N ;M. n ) 
and {v n } C L p (B;R m )nC oo (R JV ;]R m ) such that \\w n \\ w i, HB . Rn) <C,w n ^ w a 
in L°° (B; E"), 11^(3^) < C, w„ ->> w(x ) in P> (B;R m ) and 



5 (x ) > lim 



fe^oo C N (B) J B 



f (x + r n x, u(x ) + r n v n (x) , v n (x), Vw n (x)) dx. 



Let < s < t < 1 and A > 1 and define ip s ,t a cut-off function such that 
< <Ps,t < 1, (fs.t (r) = 1 if r < s, <^. t (r) = if r ^ * and ||<^ t |L < t=s- 
Set 

w"' t A (x) := io (sc) + y> ai t ^|io„ (x) - iu (x)| + 

v sj 0*0 : = w(^o) + <Ps,t \ \™n (x) - wo (») I + ■ 
Clearly, 



\Vn (x) I 

A 

Vn (x)\ 

A 



K (a 5 ) ~ w o (x)) , 
(«„ (x) - v(x )). 



UK. 



wo 



< t and v™' t — w(xq) in L p as n — >■ +00. 



(16) 



Define 



h n (x, s, b, A) := /(x + r n x, u(x ) + r n s, b, A). 
By the growth conditions there exists no G N such that for all n > no, 

c (\b\ p + \A\) -C<h n (x, s, b,A)<C (\b\ p + \A\ + 1) 

for some constants c, C > 0. Consequently there exist C > such that 

-C < h n (x,w (x),v(xo) 1 Vwo(x)) < C 

Also 

h n (x, u>™' t A (x) , v"f (x) , Vw";^ (x)J dx = 

h n (x,w n ,v n ,Vw n ) dx 



(17) 



Bn{\w„(x)-w a (x)\ + '""Wl < s | 



Bn{s<|u;„(x)-t Uo (a)|+ <t| 



h n \ x, w s ; t , v s ; t , Vu; s ; t 



dx 



Bn{\w n (x)-w (x)\ + '""Wl >t| 

Jl + J2 + J3. 



ft n (x, w (x) , v(x ), Vu; (a;)) <ix 
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By the growth conditions and the definition of h n we have that 

h <c 



x e B : \w n (x) - w (x)\ + \— : 



A 

On the other hand, if s < \w n (x) — wq {x)\ + l""^ 2 ^ < t then 

Vw"f (x) = Vu (x ) + <p a ,t (\w n (x) - w (x)\ + (Vw n (x) - V«JQ (x)) + 

(w n (x) - w (x)) ® < t (K (x) - w (x)\ + ^) V (\w n (x) - wo (x)\ + J2=£H) 

By (IT7|) we have 



C 



Bn{s<\w n ( L x)-w (x)\ + <tj 



(1 + \Vw n (x) - \7w (x) \ + \v n (x) - v(x )\ p ) dx+ 



\w n (x) - w (x)\ \V(\w n (x) - w (x)\ H ^ — )\dx. 

t — S J Bn{s<\w„(x)-wa(x)\+ l "" A (x>l <t] A 

We remark that for almost every t and A we have 
lim / (1 + \Vw n (x) - Vu (xo)\ + \v„. (x) - v(xo)\ P ) dx = 

s ^t~ J {s<\w n (x)-w (,x)\+ lvn ^ )l <t} 

(18) 

and by the coarea formula 
1 



lim 

s-tt~ t — s 



< lim 



Br\{s<\w n (x)-w (x)\+ <t} 



\w n (x) - wq (x)\ 



s-»t- i — s 



V |iw„ (x) - wo (x) \ + 



Bn{s< \w n (x)- w (x) \ + h^ll<t} 



K (X)\ 

A 



dx < 



w„ (x) - w (x) 



\v„ {x)\ 



\v n (x)\ 



dx 



V (ju>„ (x) - w (x)\ 
B:\w n (x)-w Q (x)\ + ^p^=t 

(19) 

Due to the fact that {v n } is a Cq°(^L n ; R m ) sequence, for every C > , for 
every n there exists A„ € [1, +oo) such that A„ < A„ + i, A„ — > +oo asn-> +oo 
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and [ ^[ Vn ^ dx < C. On the other hand by (HH) 



IB A n 



Bn{\Wn(x)-W (x)\+ <l} 



< 



|V (|w„ (x) - w {x)\)\dx 



(|Vw„ (x)| + C) dx 



I Bn{\w n (x)-w (x)\ + ^^-<l} 

< C h n (x, u n , (x) , v n (x) , Vw„ (x)) dx < C 



since {w n } and {v n } are convergent. 
Thus 



Bn{\w Il (x)-w {x)\ + "^ x)l <l} 



V |w„ (x) - wo (x) \ + 



\v„ (x)\ 



dx < C. 



Recall that / — - — dx < C and by Holder's inequality also / — — dx < C 



B A n 

Hence, by Lemma 2.6 in [T7] there exists 



tn G 



(IK - w \\ L1 + J^i) 5 , (|K - w \\ L1 + Jl^i) : 



and (Unj) hold (with t = t n ), and 

t n H N -\{x e B : |w n (x) - w (x)|+i^M = t„}) < 

An 



such that (fT5| 
C 



InllK-^ll^ + J!^^"' 



According to (fl8f and (|19| we may choose < s n < t„ such that 

.(oO-woOzOI+^f^Stn} 



/ (1 + |Vw„ (x) - Vu(a )| + \v n (x) - v(x )\ p ) dx = O(-), 



1 



n ■/Bn{s n <|w„(a;)-'u)o(a)|+ '"l^" <*»} 



U>„ (x) - w (x) | + 



\Vn (x)\ 

A,, 



V |w„ (x) - w (x)| + 



\v n (x)| 



(x) I 



Xr. 



dx 



Set 



( <j x e B : |w„ (x) - wo (x)| + = t njJ+0[- 

w„ (x) := w"' A " (x) , u n (x) := (x) 



thus by (HU) 



- w o||oo < t n -> 0, u„ v(xo) in L p asn-> oo. 
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Using the previous estimates we conclude that 



g(x )>Jim f f(x + r n x 7 u(x ) + r n w n (x),v n (x), Vw n (x))dx 

IB 



C N {B) 



> liminf 1 / h n (x, w n (x) v n (x), Vw n (x)) dx 

«^oo C N (B) J Bn ^ Wnix) _ Wo(x)l+ \^Ml< s j 

> lim ini—J—— [ h n (x, w n (x) , v n (x) , Vw n (x))dx -0\ - 

n^oo L" (B) J B \n 

C 



In (\\w n - w \\ LHB) + IK "" A L n 1(B,) ^ 
- CC N ({xeB: \w n (x) - w (*)| + > t r 

= lim inf tj— / /i„ (x, i„ (.t) , u„ (x) , Vw„ (ar)) dx, 



n— >oc 



C N (B) 



since 



tn > (\\Wn - ^ollii(B) + ^"|| L1(5) 



and thus 



: N [{x g b : k (*) - > t „})< 1 L„ - W0 || L1(B) + ^f^ 1 ' 



< 



' ,, , iKii£i (B) y 

IK -tD0|| L i(B) + X^J 



The bound of {||Vw„|| L1 } follows from (JUJ . 

Step 5. We now fix in / the value of x and u. Indeed, using hypothesis (H2 f 
and the fact that Vw„ and t>n| p have bounded L 1 norm, one gets 

g(xo) > limsup-i- / f(x Q + e n x,u(x ) + e n w n (x),v n (x), Vw n (x)) dx 

n-t+oo \rS\ J B 

> limsup— / f(x ,u(x ),v n (x),Vw n (x))dx. 



n— >-\-oo 



\B\ 



Step 6. At this point we are in an analogous context to [Tl] and the desired 
inequality follows in the same way. It relies on the slicing method in order 
to modify v n and w n and exploit the convex-quasiconvexity of /, namely it is 
possible to find new sequences, denoted by v n and w n such that 



1 

W\ 



v n (z) dz = v(x ) and % G w + W^°°(B; R"). 

□ 
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4 Relaxation in W 1 ' 1 x L 



This section is devoted to characterize the relaxed functional Joa introduced in 
©■ 

Indeed we prove the following relaxation result 

Theorem 12. Let Q be a bounded open set ofR N , and let f : X R" x W n x 

jgrnxw _^ [0, +00) be a continuous function. Then, assuming that f and CQf 
satisfy hypotheses (Hloo) and (H2oo) 

Joo(u 7 v) = / CQf(x 7 u(x) 7 v(x),\7u(x))dx, 
J a 

for every (u,v) G J¥ M (rj;R n ) x L°°(ri;W n ). 

Remark 13. 1) We recall that if hypotheses (Hloo) and (H2oo) are replaced by 
© — (HOP , Propositions [5| and [21 guarantee the validity of Theorem \12\ assuming 
that only f satisfies (P- (fTUl) . 

2) We also observe that Theorem \12\ can be proven also imposing (Hloo) and 
(H2oo) only on the function f but with the further requirement that f satisfies 
©• 

3) We also stress that if f satisfies (Hl p ) and (H2 P ) then clearly J p (u,v) < 
Joo(u,v) for every (u,v) G BV(n;R N ) x L 00 (Q;W m ). 

Proof of Theorem \12\ The thesis will be achieved by double inequality. Clearly 
the lower bound can be proven as for the case W 1,1 x L p , with a proof easier 
than that of Theorem ITT| since it is not necessary 'truncate' the {v n } which are 
already bounded in L°° . For what concerns the upper bound, we first observe 
that by virtue of Proposition [8l there is no loss of generality in assuming / 
already convex-quasiconvex. In order to provide an upper bound for J 00 we 
start by localizing our functional. The following procedure is entirely similar 
to [11 Theorem 4.3]. We define for every open set A C £1 and for any (u,v) <E 
BV(Q;R n ) x Z,°°(f2;R m ) 

Foo(u,v,A) := inf jliminf F(u n ,v n , A) : u n -> u in L 1 (A; R n ), v„ ^ v in i°°(A;R m )| 
where 

/ f(xMx\v(x),Vu(x))dxi£ (u,v) e W 1 ' 1 (A;R n ) x L°°(A;W m ), 
F(u,v,A) = < J A 

+00 in (^(AjR") \W 1 ' 1 (A;W 1 )) x L°°(A;R m ). 

We start remarking that (Hloo) implies that for every u € BV(ft;M. n ) and 
for every v € L°°(f2;R m ) such that < M, there exists a constant Cm 

such that Foo(u,v, A) < Cm (1-4 1 + \Du\(A)). Moreover one has 
1) Foo is local, i.e. Foo(u,v, A) = v', A), for every A C f2 open, 

(u,v),(u',v') e L 1 (A;R n ) x L°°(^;R m ). 
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2) Fqo is sequentially lower semi-continuous, i.e. Foo(u, v, A) < liminf Foo(u n , v n , 
V A_<Z fl open, Vii„4« in L X (A; E n ) and w n v in L°°(A;R m ); 

3) Foo(w, w, •) is the trace on A(£l) := {A C ft : A is open} of a Borel measure 
in B(il) (the Borelians of f2). 

Condition 1) follows from the fact the adopted convergence doesn't see sets 
of null Lebcsgue measure. Condition 2) follows by a diagonalization argument, 
entirely similar to the proof of (ii) in |14j . Condition 3) follows applying Dc 
Giorgi-Letta criterium, (cf. |12j ) and indeed proving that for any fixed (u, v) G 
BV(fl;R n ) x Z,°°(fi;R ro ), 

F 00 (u,v,A)<F 00 (u,v,C) + F 00 (u,v,A\B), V A,B,C EA(Q). 

We omit the details, since they are very similar to the proof of Theorem 4.3 in 
[3]. The only difference consists of the fact that one has to deal with both u's 
and v' s and exploit the growth condition (Hloo). 

Since Joo(u, v) = F^it, v, fl) and ^(11, i>, •) is the trace of a Radon measure 
on the open subsets of f2, (i. e. A(Sl)) absolutely continuous with respect to 
\Du\ + C N , it will be enough to prove the following inequality 

dF °°^ V, '\ x) < f(x, u(x),v(x), Vu(x)), C N -a.e. ie!l. 

The proof of these inequalities follows closely [T5] , [3] and [5] . 
Assume first that (u,v) G (W 1 ' 1 ^; M") n£°°(f2; 1™)) x L°°(Q; W n ). Fix a point 
xq G such that 

dF 00(11, v,-) 

dc» {xo) (20) 

exists and is finite, which is also a Lebesgue point of u, v and Vu and a point of 
approximate differentiability for u. Clearly £ N -&.e. xq G fl satisfy all the above 
requirements. 

As in [TB] (see formula (5.6) therein) we may also assume that 

lim T7^7- — \u(x) - u(x )\(l + \Vu(x)\)dx = 0, (21) 
e^o \Q(x ,e)\ J Q{xo ^) 

lim T7T7- — tt / \v(x)-v(x )\\Vu(x)\dx = Q, (22) 
e^o \Q(x ,e)\ J q{xo , e) 

(where we used Theorem ITTJI since v G Lj oc (£l;M. m ) with respect to the measure 
I Vu\C N ). Choose a sequence of numbers e G (0, dist(xo, dfi)). Then, clearly for 
any sequences {u n }, u„ — > u in L 1 , {«„}, v n v in L°°, 

dFoo(u,v,-) Foo(u,v,B £ (xo)) 
dC» {X0) = A \B £ (x )\ * 

(23) 

lim inf lim inf — — — - / f(x,u n (x),v n (x),Vu n (x))dx. 
e^0+ + \B e (x )\ J Be (x ) 
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By virtue of Proposition 2.2 in [2] we can replace the ball B E (x$) in (|2"5)l by 
a cube of side length e, and in fact from now on we consider such cubes. 

As in Proposition 4.6 of [I], (see also [T5] and [TS]) we consider the Yosida 
transforms of /, defined as 



f x (x,u,v,0 ■= sup {f(x',u , ,v,0-\[\x-x'\ + \u-u'\](l + \t\ + \v\)} 
for every A > 0. Then 

(i) f\(x, it, v, £) > f(x, u, v, £) and f\(x, u, v, £) decreases to f(x, u,v,£) as A — > 
+oo. 

(m) f\(x,u,v,£) > f n (x,u,v,£) if A < rj for every (x,u, v,£) e!lx E™ x E m x 

(Hi) \f X (x,u,v,Z)-fx(x',u',v,Z)\ < \(\x-x'\ + \u-u'\)(l + \Z\ + \v\) for every 
(x, u, v, 0, (x', u', e O x E" x R m x R nx w . 

(if) The approximation is uniform on compact sets. Precisely let K be a com- 
pact subset of O x K™ and let 8 > 0. There exists A > such that 

f(x, u, v, £) < f\(x, u, v, £) < f(x, u, v, £) + 6(1 + \v\ + |£|) for every (a;, u, v, £) € 
X x M™ x M. nxN . 

Let io such that (|20[) and (|2"Tj) hold, let {g n } be a sequence of standard sym- 
metric mollifiers and set < Un u * ^ It results that i " * ' Sh 
\v n :=v y Vn ^ v m L oo (Q(x ,e);W n 

Fix S > and let K := B(x , dist(a 2 Q ' an) ) x £(0, By (i) (iv), 

f(x,U n (x),v(x),S7u n (x)) < f\(x,U n (x),v(x), Vu n (x)) < 

f\(xo,u(xo),v n (x),'Vu n (x)) + X(\x - x \ + \u n (x) - u(xq)\)(1 + \v\ + \\7u n (x)\) < 
f(x ,u(x ),v(x),Vu n (x)) + 6(1 + \Vu n (x)\ + \v(x)\) + X(\x - x \ + \u n (x) - u(x )\) 
x(l + |Vu n (x)| + \v(x)\). 
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Since Vu n (x) = (Vit * g n )(x), 

F oo (u,v,Q(x 0i e)) < liminf / f(x,u n (x),v(x),Vu n (x))dx< 



liminf / f(xo,u(xo),v(x),Vu n (x))dx+ 



limsup / 6(1 + |Vu„(x)| + |w(a;)|) + A(|a: — xq\ + \u n (x) — u(xq)\) 

n^ + oo jQ(x ,e) 

x(l + |Vu„(x)| + \v(x)\)dx < 



liminf / / (xo, u(xo), v (xq), Vu(xq)) dx+ 



n— > + oo 



limsup / /? (1 + I Vu(xq) + \ + I Vit * g n \) \v(x) — v(xo)\dx+ 



n— > + oo 



limsup / /3|Vu * g n — J \7u(xo)\dx+ 



limsup / 6(1 + \Vu n (x)\ + \v(x)\) + X(\x - x \ + \u n (x) — u(x )\) 

ti-!- + oo JQ{x Q ,e) 

x(l + |Vm„(i)| + \v(x)\)dx 

(24) 

(where the constant /3, depending on is the constant appearing in (HJ). 

Since Vu*g n — > Vu G L^O; M nxAr ) and |D s w|(9Q(x , e)) = for each e > 0, 
we obtain 

limsup / (i\Vu * g n — Wu(xo)\dx < (3 I Vu(x) — \7u(xo)\dx. 

n-> + oo Jq( xo ,e) JQ(x ,e) 

(25) 

Passing to the limit on the right hand side of (f2"4"]l . exploiting ([23)1 in the third 
line and applying |18l Lemma 2.5], in the fourth line, we get 

F oo (u,v,Q(x ,e)) < \Q(xo,e)\(f(xo,u(xo),v(xo), Vu(xq)))+ 



/3(1 + \Vu(x )\) / \v(x) - v(x )\dx+ 

JQ{x ,e) 

/31imsup / \Vu * g n \\v(x) — v(xo)\dx + / |Vu(x) — \7u(xo)\dx+ 

n->+oo Jq(x ,e) JQ(x ,e) 

(As + 5) [(1 + C)\Q(x ,e)\] + Alimsup / |u„ - u(x )\(l + C + \Wu n \)dx. 

n^+oo jQ( Xo ,e) 
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Recalling that xq is a Lebesgue point for v, Vu and (|20[) holds, we have 
limsup 1 — + |Vw(x )|) / - u(x )|da; = 0, 

£ ^0+ \Q\X0, S)\ JQ(x ,e) 

limsup —— rr f \\7u(x) — Vu(a;o)|(ia; = 0, 

e^0+ \Q(X0,£)\ jQ(x ,e) 

limsup(Ae + <5)(1 + C) |ffi ' £ j| = 5(1 + C). 

Moreover by virtue of pTj) and arguing as in the estimate of formula (5.11) of 
[T8] we can conclude that 

limsup —— r- limsup f \u n — u{xq)\{1 + C + \Vu n \)dx = 0. 

e->0+ \Q( X 0,£)\ n-^+oo jQ(x ,e) 

Then we can exploit (1221) and argue again as done for (5.11) in [18] in order to 
evaluate 

B f 
limsup—— — limsup / |Vu * g n \\v(x) ~ v(xa)\dx. 

e^0+ \Q\ X 0,£)\ n-H-oo Jq( Xo ,s) 

We will apply |18[ Lemma 2.5] and the dominated convergence theorem with 
respect to the measure |Vu|dx, obtaining 

limsup / \v(x) — v(xo)\\Vu n (x)\dx < 

n->+oo jQ(xo.e) 

limsup / (\v — v(xq)\ * g n )\Vu(x)\dx < 



/_ 



Q{x ,e) 



\v(x) — v(xQ)\\Vu(x)\dx. 



Taking into account that \Du\(dQ(x ,e)) = for a.c. e one obtains from (f2"Tj) 
that 

1 f 

lim sup lim sup — — / \ v (x) — v{xo)\\S/u n {x)\dx = 0. 

e^0+ n^ + x \Q{Xo,S)\ J Q( Xa ,e) 

Consequently, 

g(x ) = dF °°^v)(x Q ) ^ /( ^ w(xo); v(a , o)i Vu(to)) + (1 + c)s 

Finally, we send S to and that concludes the proof, when (it, v) € (W 1,1 (f2; R™)n 
L°°(0;R n )) x L°°(n;W n ). 
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To conclude the proof, we can argue as in (TBI Theorem 2.16, Step 4], in turn 
inspired by @J, introducing the following approximation. 

Let 4> n G C^R^R") be such that <j> n {y) = y if y G 5„(0), ||V0„|| L » < 1. By 
H Theorem 3.96] 0„(u) G W^'i^R") nL 00 ^!") for every n G N. Since 
4>n(u) — > u in L , by the lower semicontinuity of we get 

Joo(u,v) < liminf / f(x,c/) n (u),v,V^ n (u))dx. 

Arguing in analogy with [?J Theorem 4.9] one can prove that 

limsup / f(x,(f> n (u),v,V<j>n(u))dx< / f(x, u, v, Vu) dx, 

and this concludes the proof. □ 



5 Relaxation in W 1,1 x L p 

This section is devoted to the proof of the following theorem. It relies on The- 
orem [T2] and on some approximation results (see [3]). 

Theorem 14. Let fl be a bounded open set ofR N , and let f : CI X R" x R m x 
M. nxN — > [0, +oo) be a continuous function. Then, assuming that f satisfies 
hypotheses (Hl p ) and (H2 p ) 

J p (u,v) = / CQf(x,u(x),v(x),\7u(x))dx, 
Jn 

for every (u,v) G W 1 ' 1 ^;^) x £P(ft;R m ). 

Proof. The lower bound follows from Theorem II II For what concerns the upper 
bound, without loss of generality, by virtue of Lemma [8] and Propostion [5] we 
may assume that / is convex-quasiconvex. 

Observe first that since / fulfills (Hl p ) and (H2 p ), then it satisfies (Hl^) 
and (Hioo) in the strong form © — (|TU)) . Consequently 

J p (u, v, 0) < Joo(u,v,fl) (26) 

for every (u,v) G BV(fl; R") x L°°(!l;R m ). 

For every positive real number A, let t\ : [0, +oo) — > [0, +oo) be defined as 



t if < t < A, 
if t > A. 



For every v G LP(fl;R m ), define u A := t x (\v\)v. Clearly J n |wA| p dx < f n \v\ p dx 
and — > v in L p (Vt\ R m ), as A — >• +oo. By the lower semicontinuity of J p , (|2l))) , 
and Theorem [12l for every sequence {A} such that A — > +oo we have that 

J p (u, v) < liminf J p (u, v\) =liminf / f(x, u(x), v\(x), Vu(x))dx. 
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Lebesgue's dominated convergence Theorem entails that 



J p (u,v,Q) = / f(x, u(x), v(x), Vu(x))dx, 
Jn ' 

for every (u, v) € W 1 ' 1 ^; M. n ) x U>(Q; R m ), and that concludes the proof. □ 
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